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ABSTRACT 

The electromagnetic fields from oscillating horizontal and vertical 
magnetic dipoles are calculated for loops placed above an n-layer earth. The 
formal solutions for the magnetic fields in air are presented in terms of thr ee 
infinite integrals which may be evaluated numerically on a digital computer. 
A completely generalized computer program for that purpose has been inclu­
ded in this paper. The program has been us e d to make a detailed analysis of 
the polarization characteristics of the fields from airborne vertical and hori­
zontal magnetic dipoles above a multi-layer earth. A number of theoretical 
curves show the variations of the tilt angle and ellipticity of the polarization 
ellipses over several models. Both tilt angle and ellipticity plots show good 
resolution but ellipticity plots have somewhat higher resolution. H ence both 
these parameters may be used in the interpre tation of airborne e lectromag­
netic mapping data. 

REsUME 

L'auteur calcule les champs electromagnetiqu es des dipeles oscillants 
horizontaux et verticaux dans l e cas de boucles placees sur un nombre n de 
cou c hes du globe terrestre. Les solutions regulieres pour les champs mag­
netiques dans l'air sont presentees sous forme de trois integrales infinies 
qu'on peut evaluer numeriquement a l'aide d 1un ordinateur. On trouvera dans 
cette e tude un programme d 1 ordinateur completement generalise a cette fin. 
Ce programme a ete utilis e afin d 1effectuer une analyse d etaille e des car­
acteristiques de la polarisation des c hamps a partir de dipoles magnetiques 
aeriens verticaux et horizontaux au-dessus de plusieurs couc hes la. Plu­
sieurs courbes theoriques montrent les variations de 11angle d'inclinaison et 
de l'ellipticite des ellipses de polarisation de plusieurs modeles. Les di a ­
grammes d 1 angle d 1 inclinais-on et d 1ellipticite donnent de bonnes resolutions 
mais ceux d 1ellipticite donnee des resolutions quelque peu plus e levees. De 
la, ces parametres peuvent etre utilises dans !•interp retation de donnees 
fournis par les leves electromagnetiques aeroportes. 





ELECTROMAGNETIC FIELDS OF OSCILLATING MAGNETIC DIPOLES 
PLACED OVER A MULTILAYER CONDUCTING EARTH 

INTRODUCTION 

Electromagnetic methods have long been used routinely in mining geo ­
physics. Since large contrasts in electrical properties exist between most 
massive sulphide deposits and the surrounding host rocks, electromagnetic 
methods provide an excellent tool for the detection and delineation of such 
deposits. During the last few years , significant advances in instrumentation 
and in the theory of electromagnetic wave propagation in layered media have 
enhanced the prospect of applying these methods for routine sounding of stra­
tified earth sections . This has application in the mapping of virgin areas as 
well as for specific purposes like the location and the delineation of the aqui­
fers and water-tables for use in groundwater prospecting and in foundation 
engineering. 

The most commonly used source of excitation in electromagnetic 
prospecting is the oscillating magnetic dipole, which is simply a small loop 
carrying low-frequency alternating current. The loop may be approximated 
to a dipole when the area of the loop is much smaller than the free - space 
wavelength and when the transmitter-receiver separation is at least 5 times 
the diameter of the loop. Various configurations of horizontal and vertical 
dipoles are used by different exploration companies for transmitting and 
receiving the fields. All these cases are described in detail by Parasnis 
(1970). 

The problem of determining the electromagnetic fields of dipoles placed 
over a conductive earth has engaged the attention of many workers begin­
ning with Sommerfeld 1 s (1909, 1926) classic work. Later, Wait in a series 
of papers (1954, 1955, 1956) presented expressions for the mutual coupling 
ratios of ground and airborne dipoles placed above a homogeneous conducting 
earth. In a subsequent paper, he (Wait, 1958) extended his work to consider 
the case of a two-layer earth. The solutions, however, could not be expres­
sed in terms of known functions and the numerical results could be obtained 
only by the numerical integration of a few infinite integrals on a digital com ­
puter. Frischknecht (1967) has presented extensive numerical results for the 
fields and mutual impedances on and above a two-layer medium for different 
configurations of dipoles. Recently, Dey and Ward (1970) and Ryu et al. 
(1970) have presented formal solutions for loops placed on an n-layer earth, 
taking the displacement current into consideration. However, for most geo­
physical exploration problems, displacement currents are almost always 
negligible. 

It is known that in many areas , the earth section consists of more than 
two layers. In such cases , the technique of curve matching using the curves 
for a two-layer earth is inapplicable and a correct interpretation of the field 
data requires theoretical curves for a multi -layer earth. Although the 
formal solutions for an n - layer earth are available in literature (Wait , 1962, 
1966; Dey and Ward , 1970), numerical results are somewhat scanty. It was 
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therefore d ecided to present the complete method of determining the field 
components from dipoles placed over an n-layer earth. A computer program 
has been written for that purpose which is completely general except for the 
neglect of displacement currents in all the media (quasi-static case). Using 
the program, some results for the mutual coupling between a transmitter and 
a receiver in four standard coil arrangement systems used in airborne sur­
veys have been obtained (Sinha, 1973) when flown over several three and four 
layer sections. It is realized, however, that since the possible number of 
independent parameters for an n-layer earth could be very large, any attempt 
to present master-charts for all the cases would be futile. The only practical 
solution in such a situation is to present the computer program for the calcu­
lation of the mutual coupling ratios so that anyone may obtain the desired 
theoretical curve for any set of data. 

A very recent development in airborne electromagnetics is the pros­
pect that multifrequency airborne systems will become available very shortly. 
The full potentials of these will be realized only if we are equipped with the 
means of interpreting the data quantitatively which would require a method of 
obtaining the theoretical response for any type of earth section . We have, 
therefore, presented the complete computer program for the determination 
of the polarization characteristics of the electromagnetic fields from airborne 
horizontal and vertical magnetic dipoles when flown over an n-layer earth. 
Three typical values of the ratio of the height of the system to their coil sepa­
ration, characteristic of the helicopter and fixed - wing airborne systems have 
been considered over several three -layer models to illustrate the variation 
of the tilt angle and ellipticity values with the induction parameter from air­
borne horizontal and vertical magnetic dipoles. It is hoped that this study 
will be helpful in selecting the parameters to be chosen for the interpretation 
of the airborne E. M. survey data. 

MATHEMATICAL DEVELOPMENT 

Let us suppose that an arbitrarily oriented magnetic dipole carrying 
a current Iexp(iWt) is placed at a height hover an n-layer earth as shown in 
Figure 1. The electrical constants of air are (c;r 0 , µ,, e: 0 ) and that of the lay­
ers being taken as (a , µ,, ~), where the subscript m varies from 1 ton. 
The permeabilities oFall the.tayers are taken to be the same as that of vac­
uum and designed by u (4n x 1 o-7h/m). The thickness of the layers are 
denoted by dm where m varies from 1 to (n-1). The point of observation is 
taken to be any point P over the earth with coordinates (x, y, z) in cartesian 
system or (o, <P , z) in cylindrical system . All the layers are assumed to be 
homogeneous and isotropic and all the interfaces have been assumed to be 
parallel to the ais- earth boundary. 

Since div E = 0, the electr~magnetic field components may be expres­
sed in terms of a vector potential F as: 

E (1) 

(2) 



z 
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Figure 1 . Magnetic dipole over an n-layer ea rth and the five coil arrange ­
ments considered in the text. 

where y = [ iW µ (cr + iWe) ] ~ is the propagation constant of the medium . In nor ­
mal electromagnetic explorations , the frequency of the cu rrent is usually 
kept low and so the displacement currents are normally negligible compared 
to the conduction currents. Hence: 

whe.ve. i-=- Ft · (3) 

The arbitrar ily oriented dipole may be broken up into two component 
dipoles, one vertically, and the other h o rizontally directed . Considering the 
vertic<. l dipole first (directed towards the positive Z - axis) , from symmetry 
considerations it may be shown easily that the field components may be deter­
mined in this case from one component F z only . 
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The secondary vector potential components in a ll the media wo uld 
satisfy the Helmholtz equation: 

( '72- y1'\L-) ~: 0 (4) 

where '(,., "' ( l w !" CJ,,_ ) l/2- and m = 0, 1, 2, ..... n. 

The source vector potential F pat P (p , cp z) in air is given by: 
zo 

Id~ ~w~ so();\ . -Uo I oe.- hl 
411 Ll: e Jo (1--P) cl.>.. 

0 

where R = [ p2 + (~-~)'--] '/2-

and U 0 :o ( 1:2- + y'0 2.) YL . 

( 5) 

Here Mand dA refer to the moment of the dipole and the area of the loop res­
pectively, J ( Ap) is a Bessel funct ion of first k ind and/.. is the variable of 
integration. 

0 

From equation (4 ), the secondary vector potentials are given by : 

(6) 

2 2 1 
where u = (/.. + y )2. We will thus have a series of equations specifying 
the vectm. potentiaFs in all the media. The constants of integration Aru(f..) are 
evaluated by satisfying the boundary conditions at all the interfaces which 
specify the continuity of the tangential components of the electromagnetic 
fields at the interfaces. 

If instead of the layered half-space, we have a homogeneous half­
space with conductivity a 1, the vector potential at any point P (p , cp , z) in air 
may be written as: ot:J 

c ::::: ldl\ Lli:Jf'A l[~ e-u.o\z.-hl A (r..) e-U.o(~+h)J Jo (t..~)d>. 
ri!O 4- lf U. o + 0 

(7) 

0 

A (/..), the constant of integration may be evaluated 
tigns at z = 0 as: 

from the boundary condi-

A fA_):::=. /\ {.U 0 - Ll1) 
OL Uo\_U..u+Ut (8) 

where the subscripts 0 and 1 refer to air and the earth respectively. Revert­
ing to the case of an n-layer earth , it is clear that there w ill be (n + 1) equa ­
tions for the vector potentials in (n + 1) media including air . Applying the 
boundary conditions to the bottom layer first and working progressively 
upward, we may obtain the new value of A

0
()) in terms of the physical para ­

meters of the layers as : 

(9) 

where R;E (;>..) is the reflection coefficient for the TE component of the wave 
for the vertical dipole. From Wait (1962, 1966) we may write : 

[) v No - Y1 
1'TE (_ >-.) =. (10) No +Y, 
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where 

N.,..... Y""'+I + N'M -b.M.t (_u._ct_) 

N""" + y "M+I +<>..¥.l (_ u._ J-) 

and '(""' ~ N~ NYf\ = , 
m = 1, 2, 3 , ..... (n - 1) 

where m = 0, 1, 2, ..... n . 

( 1 1) 

(12) 

The Ym values , in analogy with transmission lin e theory may be termed 
the surface admittances of the layers. Thus, we start by calculating Y n 
for the bottom layer from equation (12) and then use· its value in the mathe­
matical algorithm of equation (11) to obtain the value of Y(n -1) using the val ­
ues of N{n-l)' u(n-l) a~d d 11 -l\. This is continued until we obtain Y 1 for the 
topmost layer. RTE P.l may easily be obtained from the values of Y 1 
and N

0 
obtained from equation (12). 
Considering the horizontal magnetic dipole directed towards the Y -

axis at the same location as the vertical dipole, it may be shown easily that 
in order to satisfy the boundary conditions at the interfaces, the secondary 
vector potential must have two components, one along the Y - axis and the 
other along the Z - axis . 

If we now assume that we have a homogeneous half-space in place of 
then -layer earth, the solution for the vector potential components at P(p, <f , 
z ) in air may be wr itten as: 

IdA1.wf" ( oO[ .A.... e u." 1~ -kl+ ""Bo(>--) ~llo (_'l. + k)] 1o (>-P)t:l.\ 
F:Jo = 4Tt J

0 
U.o (13) 

Fi!O - (14) 

(16) 

Going back to our original problem of an n-layer earth, it is clear that 
we will then have 2(n + 1) equations for the vector potential components in the 
(n + 1) media including air . Applying the boundary conditions to the bottom 
layer first and working progressively upward, the constants B (Al and C (Al 
may be evaluated as: 

0 0 

>-. \) ~ 
- T\.TM Lt..) 

U.o (1 7l 
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(18) 

w h ere R~M( ), ) and R~E( \ ) denote the reflection coeffic ients Jor the TM and 
t h e TE mod es emitte d by the horizontal magnetic dipol e . RTM(A. ) may be 
w ritten as (Wai t , 1 966): 

"' kTM LAJ (1 9) 

w h e r e 

Z~ k'M' Z"n-1+1 + km t-~~ (!A.,,_d-) ::::. 

kl'n + Z-m,_1-t..""~ Cu,...J..,,_) 
(20) 

m=l ,2, 3 , . • .. • (n - 1) 

and 

z'r\ K.,... k"' 
I.A "" Um. ::::. - (a;._ +twE""') (21) 

()""" 

m = 0 , 1, 2 , . • •. • n 

h 
RTE (A. ) h as the sam e form a s that g iven by e quation (1 0). 

The m agneti c fi e ld components at any po int above the earth may be 
ob tained eas ily f r om e q uations (2) , (7) , (13 ) and (1 4 ). These equat i on s are 
g r eatly simpli fied , howeve r, by ass uming a

0 
to be infin ite ly small, i . e . we 

a ssume that the fie ld s in a ir satisfy Lapl ace ' s equation instead of Helmh oltz ' s 
equ a t ion . In such a case y

0 
= 0 and u 0 =), . Under this assumption , it is 

easy to show that th e contribution of the TM mode to the magnetic field com ­
ponents in a ir cancel out (Dey and Wa r d , 197 0), makin g t h e TE mode the only 
component giving rise to the magnetic fie ld s in air . If the heights of th e 
transmi tter and receiver coils are h1 and h2 respectively , we can write down 
the express ions of the second ary fields as : 

Verti cal Magnetic Dipole : 

IdA .Ti r A, "B ]) J· kJ·) (~) 4~83 l ) ) p (22 ) 

H ~, s 
1 d '\, . T1 ( A , 13 ) 1) j , k i) ( ~ ) 
41fb (23 ) 

H ;! • s 
1 J.A r-r ( " :B ]) · k :i ) 
4-11~3 · lo t1, ' :> , (24) 



- 7 -

Y -directed Horizontal Magnetic Dipole: 

(25) 

H:1,s 

(2 7) 

The response for the case of an inclined coil system may be obtained easily 
from the fie ld values for the cases of horizontal and vertical magnetic dipoles 
given in equations (22) through (27). 

Here: o<i 

T 0 (PI, :B, J)j, Kj) = t KTE (~) ~L.e-~J0 ('a"B) old 

where j = 1, 2, 3, ..... n . 

<><I - t KTE (~) 'J1 e-ca AJ1 (ea E) al & 

(_~) ~ e~AJ1 (~"B)Jd 
k ' - a-; 

j - -
O""j 

(28) 

(29) 

(30) 

In airborne electromagnetic surveys, the parameter most commonly 
measured is the mutual impedance ratio rather than the fields. For two co­
planar and coaxial loops separated by a distance p the mutual impedances Z

0 
between them when placed in free-space (Frischknecht, 1967) are: 

and 

t LU t- d A I d.A 2. NI N 2... 

4Tif 3 

iwft cU;1 clA2 N1 Ni.. 
.:2.. TI p 3 

for a coplanar system (31) 

for a coaxial system (32) 

where dA1 , dA
2 

and N 1 , N
2 

are the areas and the number of turns of the two 
loops. Thus the mutual coupling ratio Z/ Zo indicates the ratio of the mutual 
coupling between two loops in the presence of the earth and that in its absence. 



- 8 -

The m utual coupling r at ios fo r th e five impo r tant c oil sys tem s s h own in Figu r e 1 
may be writ ten down as : 

System 1 : H o r izont a l copl a n ar l oops 

1 - 'B::, rr ( ~ 13 ]) . I( ·) I 0 I J j J ) (33) 

System 2: Perpendicular loops 

(34) 

System 3: Vertical coplanar loops 

(35) 

System 4: Vertical coaxial loops 

It may be worthwhile to point out that in addition to the above standard sys­
tems, there exists another possibility for a null-coupled configuration. This 
system (used by Geonics EM-15 and Apex Systems) which employs two 
inclined loops (axes of the loops inclined at 54. 7 degrees to the horizontal) is 
unique in one respect. Although the planes of the coils are parallel to each 
other (but not coplanar), it may be shown easily (A. Becker, pers. comm., 
1972) that they_ are in minimum coupling position for any value of p (~ 
Appendix I). This type of configuration has some advantages in the matter of 
mounting of the coils for airborne surveys, the mutual coupling ratio for 
which is given by: 

System 5: Inclined parallel loops 

(37) 

The infinite integrals T 0 , T 1 and T 2 are evaluated numerically by the 
Gaussian Quadrature technique . Since the integrals contain products involv­
ing Bessel functions, the products are oscillatory . Hence the integrals are 
divided into several segments bounded by the zeros of the Bessel functions 
and their contributions are evaluated separately . The total integrals are thus 
given by the algebraic sum of the contributions from all the segments 
(Abramowitz and Stegu n, 1 965) . 
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TABLE I 

Acc ur acy of the Gaussian method of integration with different abscissa 
and we ight values (n) 

Model Parameters: 

p
1 

= 100 - m, p 2 = 10 - m, p 3 = 1 o3o - m, d 1 = I 0 m, 

d 2 = 15 m and TR separation= 25 m. 

All the compute d values are for the first segment only. 

-To -T1 -T2 

A/B B n Re Im Re Im Re Im 

4.0 .l 16 .479617 l. 949552 .058347 .400845 .024108 .100551 

4.0 .l 32 .478936 1.949066 .058246 .400767 .024228 .100390 

4.0 . l 48 .478935 1.949066 .058245 .400766 .024228 .100389 

4.0 . l 96 .478935 1.949066 .058245 .400766 .024228 .100389 

4.0 . 5 16 .092255 .038234 .024717 .014386 .024129 .010365 

4.0 .5 32 .092255 .038234 .024717 .014386 .024129 .010365 

4.0 . 5 48 .092255 .038234 . 024717 . 014386 .024129 .010365 

4.0 . 5 96 .092255 .038234 .024717 .014386 .024129 .010365 

6.0 . l 16 .315104 . 992047 .030126 .151463 .015695 .050527 

6.0 . l 32 .314492 .991480 .030037 .151372 .015834 .050383 

6.0 .l 48 .314492 .991481 . 030037 . 151372 .015834 .050383 

6.0 . l 96 .314492 .991481 .030037 .151372 .015834 .050383 

6.0 .5 16 .038559 . 011870 . 007715 .003268 .009891 .003104 

6.0 .5 32 .038559 .011870 .007715 .003268 .009891 .003104 

6.0 .5 48 .038559 .011870 . 007715 .003268 .009891 .003104 

6.0 . 5 96 .038559 .011870 .007715 .003268 .009891 . 003104 

10.0 . l 16 .166538 .373665 .011556 .038838 .008163 .018889 

10.0 . l 32 .166092 .372966 . 011492 .038729 .008333 .018785 
10.0 . l 48 . 166091 .372966 .011492 .038728 .008333 .018785 
10.0 . l 96 . 166091 . 372966 . 011492 .038728 .008333 .018785 
10.0 . 5 16 .010995 .002200 .001451 . 000394 .002780 .000560 
10.0 .5 32 .010995 .002200 .001451 . 000394 .002780 .000560 
10.0 .5 48 .010995 .002200 .001451 .000394 .002780 .000560 
10.0 .5 96 .010995 .002200 . 001451 .000394 .002780 .000560 
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where Xj values are t he zeros of Jm (gB), Rn is the remainder and 

{__'fi (A ,13 , -:D, k) J'»". (} B)}/:> 
given by 

is that function eval uated at gp 

(3 9) 

where wp and x are the weight factors and the abscissas for the Gaussian 
integrati on witif n points . Tabl es fo r the weight factors and abscissas for dif­
ferent n val ues are availabl e (Abramowitz and Stegun , 1965). However , con ­
sidering a larger n means taking a narrower mesh, and hence the results should 
be more accurate in such cases. Although previous workers (Frischknecht, 
1967; Dyck and Becker, 1971; Sinha, 1973 ) have considered 16 and 32 
point formulas for the numerical integrat i on of T

0
, T 1 and T 2 , a comparative 

study of th e order of accuracy of the different cases with different n values is 
not availabl e at present . Before proceeding further with our numerical com ­
putation , it was, therefore , decided to establ ish the accuracy of the different 
formulas with different n for a few trial cases. In order to save computer 
time , only the first segment of the integral up to the first zero of the Bessel 
function J was evaluated in each case . The results for one model are ta bu -

n 
lated in Table 1 for two values of B and three val ues of A/ B , typical for air -
borne surveys . Four sets with n = 16 , 32 , 48 and 96 were computed . It is 
clear from the table that the 16 point formula is not adequate in most cases, 
while the 32 point formula gives results which may be erroneous only in the 
sixth place of decimal. Results with the 48 and 96 point formulas are identi ­
cal up to six places of decimals . We therefore chose the 48 point formula for 
all our subsequent computations . 

DESCRIPTION OF THE PROGRAM 

A. Main Program COMP: 

The program COMP presented in Appendix II is the main program 
which was used to obtain the polarization characteristics (tilt and ellipticity) 
of the fields from airborne horizontal and vertical magnetic dipoles placed 
over an n - layer earth. The program accepts the values of B which are pro ­
vided as DATA input X in card Nos. 41 and 42 . Additional inputs are provi ­
ded in card No . 53 (statement No . 42) containing information about the type of 
dipole source being considered (NN), number of layers (NUM), conductivity 
of the top layer (S 1) and the conductivity ratios 0m/ cr1 (K(J )) starting from the 
bottom layer first . The next card contains the information about the station 
number (NO) , the particular model number of any series (L ), model series 
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number (LL), A/ B value (AB) and the thickness of the layers (D (J ) ) beginning 
with the bottom layer value first , which is taken to be zero . The integer 
variable TEE which takes values of 0, 1 and 2 indicates the subscript of T 
being computed . The variables DEL and CS represent the skin depth, 5, in 
the top layer and the factor w u, 5 which are needed in the subroutine CALC 
which computes the real and imaginary parts of the complex integrals T 0 , T 1 
and T 

2
. The loop beginning in card No. 91 computes the results for all B 

values for the given values of inputs beginning in statement number 42. Once 
the complex integrals have been evaluated, their values are printed out (card 
No . 118 or 13 9 as the case may be). The tilt and ellipticity of the field can 
easily be obtained from these values . The final results for the tilt angle and 
ellipticity values at every value of B for a particular A / B value is given in 
output statements beginning in card No . 166 . A sample ou tput for two given 
sets of input data is shown at the end of the program in Appendix II. 

B . Subroutine CALC: 

This subroutine is called three times in the main program to obtain 
the real and the imaginary parts of the integrals T

0
, T 1 and T 2 . The sub ­

rou tine has four types of DATA inputs for the parameters AW, W , XO and 
Xl . The parameters AW and W denote the abscissas (zeros of Legendre 
Polynomials) and the weight factors respectively, For a 48 point formula, 
the areas between successive zeros of the Bessel function are subdivided into 
48 parts and hence AW and W have 48 values each. The parameters XO and 
Xl denote the positions of the zeros of the Bessel function J (x) and J (x) 
respectively. Since 40 consecutive segments have been con~ ide red in

1 
this 

routine , X 0 and Xl have 40 values e::i.ch in the data input. At each value of 
AW for a segment, gp and RTE(g ) are determined and hence the contribution 
to the integral. After all 48 AW ealues have been considered, the algebraic 
sum of all 48 contributions are computed which gives the contribution for one 
segment bounded by two successive zeros of the Bessel function. The con­
tribution from the first segment is stored in the memory for use in subse ­
quent tests for the truncation of the series. The test involves the calculation 
of the ratio of the absolute value of the contribution from a particular seg ­
ment to that of the first one. When this ratio falls below a certain specified 
value ·(10 - 6 in our case) the computation stops and the computer adds up the 
algebraic sum of the contributions from all the segments. If this stage is not 
reached before 19 segments, Euler's transformation (Abramowitz and Stegun, 
1965) is used to obtain the sum the series from the 20th to the 40th segment . 
This is added to the sum of the contributions from the first to the l 9th seg ­
ment to obtain the value of the integral . 

C. Subroutine EULER and Functions JOX, Jl X and GG: 

When the series is slowly converging, i . e. when the ratio of the 40th 
segment to the first segment is greater than lo-6 , the computer call s the sub ­
routine EULER to sum up the series of values from the 20th to the 40th seg ­
ment by applying Euler's transformation . This subroutine is called twice to 
determine the real and the imaginary parts of the sum indicated by EUSUR 
and EUSUI. The functions J OX and J 1 X are used to provide the values of the 
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Bessel functions of order 0 and 1 at any value of the argument. The function 
GG is used to determine the parameter g as defined earlier. The value of 
A actually determines how many segmenfs are needed to evaluate an integral 
since a higher value of A in the factor exp (-gA) would damp the oscillations 
quickly so that only a few segments w ill be needed to achieve the desired 
accuracy. 

RESULTS 

a. Polarization characte ristics of the ellipse due to an airborne vertical 
dipole: 

The mathematical formulation presented earlier may be applied in the 
interpretation of multifrequency airborne EM sounding data over a layered 
earth section. For the purpose of interpretation, two types of measurements 
may be made: (1) recording the different components (real and imaginary) of 
the electromagnetic field measured at suitable points in space, and (2) mea­
suring the polarization characteristics of the ellipse of polarization. The 
first set of measurements have been studied in an earlier paper (Sinha, 1973). 
We propose to study the second set of measurements in this section . 

The polarization characteristics consist of four parameters, the tilt 
angle, ellipticity and the a mplitude and phase of the wave tilt. However, 
since the shape of the magnetic polarization ellipse is completely described 
by the first two parameters, we will confine our attention to them only. In 
addition, these two parameters also exhibit the most characteristic changes 
with the change of subsurface and system characteristics . The orientation of 
the magnetic polarization ellipse is indicated in Figure 2(a). The field com ­
ponents Hp along the Y-axis and Hz may be written as: 

(40) 

(41) 

where ~2 and cp denote the phase values of the magnetic field components. 
The tiltzangle ex, defined as the inclination of the major axis from the 

horizontal is given by: 

(42) 

The ellipticity is defined as the ratio of the minor to the major axis, 
i.e. \H:z.I /\Hi\ . It may be seen that: 

Ellipticity = (43) 
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where 

(44) 

The measurement of the tilt angle and e llipticity has some operational 
advantages over the measurement of the field components. Since equations 
(42) and (44) involve only the ratios of two components, no knowledge about 
the dipole moment is needed. Furthermore, in a ratio measuring technique, 
the measuring system need not be calibrated precisely for each component. 
Instrument drifts are also relatively unimportant since they tend to affect both 
components equally. As the primary field is 'bucked out' in most airborne 
systems, we have considered only the secondary fields of HP and Hz for the 
determination of the polarization characteristics over a layered earth . 

Tilt angle and e llipticity have been computed over 8 different 3 -layer 
models. The first four models, designated as belonging to series 1 have the 
top layer resistivity P1 = 10 O - m and have been designated by symbols A, B, 
C and D. Similarly, the last four models have the top layer resistivity pl. = 
1 OOo - m and have been designated as belonging to series 2, the individual 
models bearing symbol names A, B, ... D as before. The thicknesses of the 
layers are d 1 = 10 m and dz = 15 m for all the models and the separa ­
tion between the transmitter and the receiver has been taken to be 25 metres . 
The parameters of the models have been shown in Fig. 2(b). The variations 
of the tilt angle and ellipticity with B (plotted on log-scale) for the four mod­
els of series 1 have been shown in Figures 3 through 8. The computations 
have been made for three A/B values, namely, A/B = 4.0, 6 .0 and 10.0 
which cover the range of values typical of fixed-wing and helicopter-borne 
systems. In all cases, the tilt angles show a monotonous decrease with 
the increase of B whereas the ellipticity values reach a maximum for certain 
values of B and then decrease toward zero . Sometimes, more than one peak 
may be present (e.g., Model A) before the ellipticity falls off to zero . 

It is interesting to note that for series 1, the largest anomaly in tilt 
angle occurs in model B for the range of the parameter B considered here. 
This is true for all A/B values. For ellipticity, however, model C exhibits 
the largest anomaly followed by that in model D over the range of B consid­
ered. It may be noted that the ellipticity scale has been multiplied by 0.1 in 
each case , e.g .,for B = 0.1 and A/B = 4.0, the value is 0.03484 for model A. 

Figures 9 through 14 illustrate the variation of the tilt angle and ellip­
ticity with B for three values of A/ B for the four models belonging to series 2. 
The largest anomaly in tilt angle is obtained in model D for all three values 
of A/ B considered here. The response for models B and C are very close, 
which differ only in the value of the bottom layer resistivity. Ellipticity 
variations are somewhat complicated particularly for model A which shows 
two or more peaks. However, as in case of tilt angle, model D (homo ­
geneous case) produces the largest anomaly in ellipticity also. The resolu ­
tion between the models B and C is however much better in the ellipticity 
plots. 

b. Polarization characteristics of a horizontal magnetic dipole field: 

The polarization charac teristics of the ellipse of polarization du e to 
an airborne horizontal magnetic dipole has been studied in a similar way. As 
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before, only tilt angle and ellipticity variations have been considered for the 
eight 3-layer models belonging to series 1 and 2 for the three A/ B values. 
Figures 15 through 17 show the variations of the tilt angle with B for the four 
models of series 1. 

The most obvious thing to note in those diagrams is that the tilt angles 
are negatives in this case and hence the general orientation of the ellipse is 
different. The absolute tilt angle values also tend to increase with B in these 
figures. This trend is not maintained however at larger values of B when the 
absolute value of the tilt angles begin to decrease and become very small at 
very high values of B . Such high values of Bare, however, unrealistically 
large for existing airborne systems and hence these results have not been 
plotted. The magnitudes of the tilt angle anomalies are about twice as large 
in this case than in the case of a vertical dipole. The remarkable similarity 
between the shapes of the tilt angle and ellipticity plots for any model for both 
horizontal and vertical dipoles should be noted. However, the magnitudes of 
the anomalies are quite different in the two cases . 

The largest anomalies in the tilt angle are obtained for the model B 
for all three values of A/B for the range of B values considered here, It 
should be noted , however, that when A/ B ratio is high, the tilt angle varia­
tions for all the models are quite flat and hence, tilt angle measurements may 
be of doubtful use in such cases. 

The variations of the ellipticity with B for models of series 1 are 
shown in Figures 18 through 20. Here, the largest anomaly is recorded for 
model C followed by that in model D. In general, the e llipticity anomalies in 
this case are about twice as large as the corresponding cases in case of a 
vertical dipole. The resolutions in the ellipticity plots are quite good indi­
cating thereby that these may be used in the interpretation of airborne EM 
data even for large A/ B ratios. 

Similar curves have been plotted for the models of series 2 in Figures 
21 through 26. As in the case of vertical dipoles, both tilt and ellipticity plots 
indicate that model D (homogeneous case) produces the largest anomalies in 
both. However, ellipticity plots show much greater resolution than the tilt 
angle plots. This indicates that ellipticity is probably a better diagnostic tool 
for airborne EM interpretation than the tilt angle. 

CONCLUDING REMARKS 

For the interpretation of electromagnetic sounding data over a layered 
earth, we need to know the theoretical response of various layered models. 
It is clear however that for a multi-layer earth, the number of possible para­
meters could be large and so any attempt to present master-charts for all the 
cases would be futile. Therefore, a computer program for determining the 
polarization characteristics of the electromagnetic fields of oscillating mag­
netic dipoles placed over an n-layer earth has been presented in Appendix II 
so that anyone may obtain the theoretical response for a given model for com­
parison with the experimental data. The program is quite general in that the 
number of layers and their electrical parameters can be arbitrary. The only 
assumption made in this analysis is that the fields are quasi-static in nature, 
i.e. the displacement currents are negligible in comparison to the conduction 
currents . The solution mainly involves the determination of the reflection 
coefficient RTE for the earth section with the help of an algorithm and using 
that value to integrate numerically three infinite integrals on a digital 
computer . 
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POLARIZATION ELLIPSE 

z 

TILT ANGLE= a 
'Jf---,___,_ __ y I H 2 I 

ELLIPTICITY =N 

Figure 2(a) . Tilt angl e and ellipticity for an elliptically polarized field. 

PARAMETERS OF THE MODELS CONSIDERED 

d 1 = 10m,d2 =15m,TR SEPARATION = 25m 

SERI ES I SERIES 2 

MODEL A B c D _r~_QQ~'=- A B c D 
--- ------

p 1(.a- m) 10 1 10 1 10 1 10 1 p 1(.a-m) 10 2 10 2 10 2 10 2 

p 2(.a - m) 102 10 2 102 10 3 p 2(.a - m) 10 1 10 1 10 1 10 2 

p3 (.a-m) 10° 10 1 10 3 102 
p3 (.0. - m) 10° 102 103 10 2 

Figure 2 (b ). Parameters of the models considered in the text . 
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Tilt a ng l e v ersus B for the 
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with A/ B = 4. 0. 
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Figur e 4. Tilt angle versus B for the four mode l s of series 1 for a vertical 
magnetic dipole with A/ B = 6 . 0. 
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Figure 7. Ellipticity versus B for the four models of series 1 for a vertical 
magnetic dipole with A/ B = 6. 0. 
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Figure 9. 

Plot of the tilt angle versus 
B for the four models of ser­
ies 2 for a vertical magnetic 
dipole with A/ B = 4. 0 
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Figure 10. Plot of the tilt angl e versus B for the four models of series 2 for 
a vertical magnetic dipole w ith A/ B = 6. 0. 
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Figure 11. Plot of the tilt angle versus B for the four models of series 2 for 
a vertical magnetic dipole with A/ B = 10. 0. 
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Figure 13. Plot of the ellipticity versus B for the four models of series 
a vertical magnetic dipole with A/ B " 6 .0. 
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Figure 15 . Tilt angle versus B for the four models of series 1 for a horizon ­
tal magnetic dipole with A/ B = 4. 0. 
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tal magnetic dipole with A / B = 10 . 0 . 
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Figure 19. Elliptic i ty versus B for the four models of series 1 for a horiz on ­
tal magnetic dipole with A/ B = 6 . 0. 
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Figure 20. E llipticity versus B for the four models of series 1 for a horizon ­
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Figure 21. 

Plot of the tilt angl e versus 
B for the four models of 
series 2 for a horizontal 
magnetic dipol e with A/ B 
4.0 . 
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Figure 23. Plot of the tilt angle versus B for the four models of series 2 for 
a horizontal magnetic dipole with A/ B = 10. 0. 
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Figure 24. Plot of the ellipticity versus B for the four models of series 2 for 
a horizontal magnetic dipole with A/ B = 4. 0. 
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Figure 25. Plot of the ellipticity versus B for the four models of series 2 for 
a horizontal magnetic dipole with A/ B = 6. 0. 
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The program has been used to study the variations of the tilt angle and 
the ellipticity of the field ellipse for several models when excited by airborne 
vertical and horizontal magnetic dipoles . Both parameters show good reso ­
lution but the resolution is much better for the ellipticity . It is interesting to 
note that the shapes of the tilt and ellipticity p l ots for any model are remark­
ably similar for both horizontal and vertical dipoles . However, the magni­
tude of the anomaly for the horizontal dipole is about twice as large as that 
for the case of the vertical dipole , not to mention the different orientation of 
their tilt angles. The results indicate that the tilt and ellipticity of the mag ­
netic polarization ellipse may be employed as parameters in the interpreta ­
tion of multi - frequency airborne electromagnetic data. 
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APPENDIX I 

PROOF OF MINIMUM COUPLING BETWEEN THE COILS IN SYSTEM 5 

Let us assume that the axis of the inclined transmitter coil makes an 
angle 0 with the horizontal. Resolving the moment M of the dipole into two 
components My and Mz along the horizontal and the vertical directions 
respectively, we have: 

and 

If the receiver coil is placed at a distance p from the transmitter 
along the y-axis and if the inclination of the axis of the receiver coil from the 
horizontal be denoted by~· then the field components at the receiver are: 

) 

The field recorded by the receiver is: 

H~ c.~~ H~ ~ ~ 

M cme ~ 4' [ ~ - {:"""'- e to.M. ~ J 
f 3 

Hence the field at the receiver will vanish whenever the relation tan B . tan cp 
= 2 is satisfied. A particularly useful configuration of coils results when they 
are parallel to each other, i.e. 8 = cj> • It is easy to show from the above 
equation that when e = </J = 54. 7 degrees, the coils are null-coupled to each 
other but maximally coupled to the secondary fields from a layered earth (see 
text). One advantage of System 5 is that small relative rotation of the coils 
produces about 40 per cent less noise in this system compared to the other 
null-coupled system (System 2) considered in this paper. This type of 
parallel-coil, rigidly held configuration is highly suitable for use in a heli­
copter-towed boom. 
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APPENDIX II 

COMPUTER PROGRAM FOR DETERMINING THE POLARIZATION 
CHARACTERISTICS OF THE E. M. FIELDS* DUE TO AIRBORNE DIPOLES 

''Copies of the program in deck form is available from the Geological Survey 
of Canada, on a user's cost basis. Arrangements should be made through 
the office of the Chief, R esource Geophysics and Geochemistry Division. 
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