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Abs t ract 

An expression is derived for the analogue of the Laplace-Gauss 
or normal dist ribution in palaeomagnetism. For unit vector populations 
characteri zed by precision indexes greater than about 15, this distribution 
turns out to be identical to that previously postulated by Fisher (1953). An 
application of Pearson 's x2· test is des cribed as a means of verifying whether 
a sampled population conforms lo the p roposed distribution. A simple 
example is u s ed to illustrate that three equations previously sugges ted by 
Watson and Irving (1957) for the analysis of palaeomagnetic d ata are incom 
patible with the proposed distribution and it is suggested that the design of a 
palaeomagnetic sampling scheme on the basis of those equations may not be 
universally acc eptable. 





FURTHER CONSIDERATIONS ON CERTAIN STA TISTICAL 

METHODS IN PALAEOMAGNETISM 

In a prev ious paper (Larochelle, 1967), an expression was derived 

fo r calculating an estimate of the angular v ariance o2 of a unit vecto r popu

lation on the basis of a sample of N vectors drawn at random from that popu

lation. The derivation of this expression was based on the assumption that 

any one of the vectors in the sampled population de v iated from the population 
mean by an angle ei equal to or smaller than 80 and that 

e 4 
0 

( 1) 
4! 

< < 1 -

8 2 
0 

2 

so that th e approximation 

( 2) 2 
cos 8i "" 1 - 8i 

2 

holds true for any one vector in the population. It was suggested that the 

p alaeomagnetic vectors of a geological unit may often be assumed to satisfy 
this condition on the evidence that the maximum deviation of any vector in a 

pal aeomagnetic sample from the samp le mean is commonly one radian or 
less. In effect, the maximum value which may be assigned to 8

0 
in ( 1) is 

re lative but it is clear that a theory based on the approximation given in (2 ) 

is less and less valid as ei increases beyond one radian . As over 99 . 0% of 
the v ectors fo r ming a palaeomagnetic sampl e should be included in a cone 
whose half angle is equal to 2 . 25 times the angular standard deviation of the 
sample, it seems reasonable to as sign this value to 8

0 
in studying a particu

lar case . 

As the vectors of a palaeomagnetic sample are generally distri 

buted somewhat symmetrically about thei r mean , it alsu seems reasonable to 
ass u me this condition for a normally distributed palaeomagnetic population . 

Thus, by analogy with th e L apl ace - Gauss or normal distribution, we may 

write 

( 3) 

n 

J 
-9 2/62 

2 n 

0 

K e s in 8 d 8 = 1 

w h ere K is a constant to be determined . As 0 .... 8 ~ 80 and cos 8 = 1- 8
2

/2, 

(3 ) may be rewritten as 
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(4) .99 < 2 

8 
('J r) 

e (2 / Ii~ ) cos 8 sin 8 d 8 < 1 

e 2/ 6 

and then 
1 

(5) K TI 0 2 (l _ e 2/62 (cos 80 - 1)) 

The probability that vectors drawn at random from a normal population 
diverge from the population mean by an angle between 8 and 8 + d 8 is then 
given by 

(6) 
/i) 2 e 2 / 62 cos 8 sin e de u;_ d A ""' ~~~~~,~~~~~~-~,~~~~~~~-

02 e 2/6~ (l _ e (2/6'") (cos 80 - 1)) 

Now, from the definition of the estimate of 52 (Larochelle, op. cit.) given by 

(7) 
2 (N - R) 

(N - 1) 

where R is the resultant length of the N vectors in the sample, it will be 
recognized that 

(8) 62 - 2/k 

where k is an estimate of the precision index 11. defined by Fisher (1953) 

under the assumption that the vectors of a palaeomagnetic population are 
distributed according to the law 

(9) (JJ d A _ 11. e Yl cos 8 sin 8 d 8 
A -

2 sinh x 

It is interesting to note that equations (6) and (9) are identical if 
52 and 8

0 
in the fi r,, t one are replaced by 2/x and TI r espectively. It is 

pointed out howe v er that the angle TI :.s far from satisfying the inequality ( 1) 
and this sugge s ts that Fisher's density distributio11 may not be considered as 
the analogue of the no r mal distribution when 2 . 25 6 = TI . The angular 

1 
standard dev iation of a sample being equal to (2/k)2 radians, it is further 
suggested that Fisher's density distribution does not hold rigorously for a 
palaeomagnetic populatioi;i represented by a sample characterized by a k 
~ 16 i . e . when 2. 25 (2/k)2 ;::. • 8 . A similar point of view was already sug
gested by Cox (1964) on a different reasoning basis. For these reasons it 
appears that the application of the variance ratio tests (Watson, 1956; 
Larochelle, 1967) would hardly be meaningful when dealing with populations 
having precision index estimates of the order of 3 or 4 . 
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Pearson's x2 criterion may be used to test the null hypothesis 
that a given palaeomagnetic sample is not drawn from a normally distributed 
population at a p redete rmined probability level. 

The p robability that a vec tor d rawn at random deviates from the 
population mean by an angle smaller than e 1 may be derived from ( 6) and 
expressed as 

( 1 _ e 2 I 52 (cos e 1 - 1) ) 
(10) P (e<e1)= 

. (1 - e2/ 52 (cos eo - 1)) 

where the value of 52 may be estimated with (7) for a sample drawn at 
random from the population . Multiplying P ( e < e l) by N gives , for a sample 
of size N , the expected number E 1 of vectors which would be enclosed by a 
cone of half-angle e 1 and centred on the population mean . Similarly the 
expected numbers Ez, E 3 . . En may be computed for the intervals e 1 < 
e~ ez , ez < e ~ e3 . en <e ~ e

0
. In C1ese computations , it is not neces-

sary that all interval s be equal but it is recommended that all Ei ' s be equal 
to or greater than 5 . 

The number o 1 of vectors in the sample deviating from the popu
lation mean by an ang l e equal to or smaller than e 1 may be estimated by 
assuming that the sample mean corresponds to the population mean, This 
implies that two of the three direction cosines of the population mean are 
estimated. Similarly , the numbers Oz , 03 •.. On for the intervals e 1 < e 
~ ez, ez < e ~ e3 . en < e -s eo may be obtained. 

The good ness of fit test consists in comparing the summation 
n 

2 
(11\~ 

1 
(Oi - Ei) = S 

E. 
l 

with the statistic xJ ot, which has been tabulated for various numbers of 
degrees of freedom '(d} and at a number of probability levels (ot). The 
number of degrees of freedom is given by (n - 1 - c) where c is the number 
of parameters estimated in calculating the summation , In the present 
prob lem, three such parameters are estimated, as explained above , and 
thus, the number of degrees of freedom is (n - 4 ). If 

( 12) 2 
S<xd,ot 

the probability of obtaining a summation equal to S for a sample drawn at 
random from a normally distributed palaeomagnetic population of angul ar 
variance 52 is greater than ot . The conventional value ado p ted for ot i.s . 05 , 
i.e. when relation ( 12) is satisfied at this probability level, it is generally 
accepted that there is not sufficient evidence to reject the hypothesi s that the 
sampled population is normally dist ributed . 
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The fulfilment of the second condition (i. e . that the vectors of 
the sampled population are distributed symmetrically about their mean) may 
also be verified with the same test. In this case, however, the number of 
degrees of freedom is (n - 3) as the computing of (Oi - Ei) only requires the 
estimation of two of the direction cosines of the population mean. 

On the basis of the above discussion, it is suggested that a 
palaeomagnelic sample having a precision index estimate of 16 or greater 
(which would imply that 9

0 
~ 0. 8) and satisfying ( 12) at the . 05 significance 

level in both tests , may be realistically analyzed in the light of the variance 
ratio tests mentioned earlier . 

Assuming that this sample may be broken down into B groups 
composed of Ni vectors (i = 1, 2, 3, . .. B ) having resultant lengths Ri 
respectively , the within- group and between-group variance estimates are 
respectively defined by: 

and 

(13) 6~ = 2 (N - ZRi) 

( 14) 
A ' ) 

6~ 

b 

(N - B ) 

2 (Z Ri - R ) 

(B - l} 

Combining (7) , ( 13) and ( 14} yields 

: 2 ( ( 15) o l (B - l} 

(N - 1) 
b~ + (N - B } b~ ) 

or 

which, as mentioned earlier, is not easi l y reconci lable with an equation 
originally proposed by Watson and Irving (1957). This equation which was 
given as 

where 

and 

(17) z Ri - R = 1/2 ( ~ + ~ ) 
2 (B - l} 

N - B 2 
(18) w '"'= ~I\· 

N - "'Ri w 



(19) N 

may be rewritten as 

(20) 2 (Z Ri - R) 

(B - 1) 

where·VZ·obviously stand s for 2/ S . 
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As the statistic Sis tn;~ated by Watson and Irving (op . cit. ) as a precision 
index, it is clear that y2 can only have a meaning when it is greater than or 

equal to zero. In fact , Watson and Irving point out that when 

5~ 
6~ < F2 (B - 1) ' 2 (N - B }' a ' 

S rnay be considered very large (i.e. ~ 2 ~ 0) and the between- site variation 

may be ignored. If on the other hand 6 S is significantly larger than 6; they 
suggest that wand S maybeAestimated from (17) and (18) respective l y and 
that these estimates ( wand S ) may be introduced in t o 

(21) l/k~ =l/ (Nw)+ l /(B~) 

where they define k6 as the precision estimate of the resultant of the N 
vectors . On this basis, they essentially suggest anothe r method to calculate 
a radius of confidence ( a~ 5 ) about the mean of the N vectors with the equation 

(22) 1 - cos a ~ 5 = (loge20)/k~ 

The universa l validity of their method is questionab l e however 
because it is found that a 9

5 
doe s not necessari l y correspond with the radius 

of confidence (a 95 ) de fined either by F is he r ' s (195 3) elaborate equation 

1 

(23) cos a 95 = l-N; R ( 20 (N-1) -1) 

or by lhe simple re lation 

(24) a
95 

= 5 (R/3)- l / 2 radians 

To illustrate th is incompatibility , four simple hypothetical cases 
were analyzed . In the four cases it was assumed that N = 20, B = 5 and 

R. = 19, which i mplies that the statis t ic F 2 (B-l}, 2 (N- B) , a is equal to 

2 . 2662. The va lue of L:Ri assumed in each case is g i ven in the second 
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column of Table I and for each of these values two values of 52 (5y and b~) 
are listed to represent the two eventualities where the N vectors are evenly 
and non evenly distributed among the B groups. 

TABLE I : STATISTICS OF 3 HYPOTHETICAL CASES 

CASE 52 A2 ~2 Az ? 
52 

l:Ri b Significance w lib 6 y l Yz ~ 

I 19. 21 . 105 . 105 . 105 . OOO .O OO 1. 0 No 
II q 53 . 062 . 265 .105 . 05 1 . 053 4 . 2 Yes 

III 19 0 0 . 133 .OOO .105 -.033 -. 035 0.0 No 
IV 20.00 .OOO .500 .1 05 . 125 . 132 co Yes 

A A? A 2 
The first line of Table I shows that when o 2 = 6 b = ow the sta-

tistics .Y 7 and y~ are identically null and that the restriction imposed on y2 

is fulfilled . As the between- site variation is not significant in this case, the 
value of k6 is given by (N w) and is equal to 381. The value of a9 5 calculated 
on the basis of equation (22) is 7 . 2 °, which is very close to the values of a95 
calculated on the basis of (23) or (24) (7. 66 and 7. 44 respective ly) . In this 
case the value of ags is independent of whether the vectors are evenly distri
buted among the B groups or not. 

In the second case , where theAbetween-site variation is signifi
cant , if the calculated estimates of w and S are introduced into (21) t he va lue 
of 150 (or 14 6) is obtained for k6 and this va lue , introduced into (24 ), yie ld s 

the corresponding value of 11. 5 ° (or 11. 7 °) for a9 5 . 

In the third case k ' is again defined by (N w) as the between- site 
0 

variation is not s i gnificant . Its calculated value is 3 00 and the corresponding 
value of a9

5 
is 8 .1 ° . However, in this case the value of .yz is negative, 

which is incompatible with the restriction imposed on y 2. 

infinity. 

of a9 5 is 

Finally in the fourth case k6 is given by (B S) as w is equal to 
Its calculated value is then 80 (or 76) and the correspond ing value 
15 . 7 ° (or 16. 2 °) . 

It thus a ppears that, except in the limited cases where 6 2 "'" 5~ , 
the value s of a9 5 are significantly distinct from the fixed value of a 9 5 , 
despite the fact that the two statistics have essentially the same definition. 
This clear l y i llustrates that Watson and lrving ' s method yields an approxi 
mate value of a9 5 onl y in a restricted number of cases and therefore that the 
validity of equation ( 17) is questionable. Furthermore it appears that the 
index S has gene rally no useful statistic al connotation and that equation ( 19) 
does not really fit in the present context. Equation ( 19) appears to have been 
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borrowed directly from the theory of scalar statistics without due consider
ation that it sterns from the familiar relation 

which is irrelevant in vectorial statistics. Finally, it is implied that the 
analyses currently described in the palaeornagnelic literature and based on 
equations (17), (19) and (21) are relatively meaningless or at least unneces
sarily approximative. 

The questions of how many independently oriented specimens 
should be collected at a site and from how many sites should a geological 
unit be sampled may now be examined. Watson and Irving (op. cil.) proposed 
a solution to these problems but as their reasoning was based on the validity 
of equations (17), (19) and (21) in this context, it is suggested that their pro
cedure is probably not universally applicable . 

In the analysis of this aspect of palaeornagnetic research, it is 
important lo define first the meaning of the word site. When dealing with a 
geological unit of igneous origin, it may be as surned that all parts of an out
crop within say the limits of a 100 foot square, were magnetized simultane
ously i. e. within a period of a few hundred years. Furthermore if no geolo
gical discontinuities (e.g. the contact 0f two lava flows) and no differential 
rotation or tilting can be observed within the limits of an outcrop of this size, 
the independently oriented specimens collected within these limits may be 
said to come from the same site. In sedimentary terrain, the stratigraphic 
level from which samples are collected must be taken into account. As a 
simple example, let us assume that a flat lying sequence of sedimentary 
rocks is exposed on the face of a vertical cliff. If two specimens be taken 
from the cliff face at significantly different altitudes, it is reasonable to 
as surne that they may have acquired their stable rernanent magnetization at 
widely distinct geological times. Although the lateral extent of a site in such 
a case compares to that of a site in igneous terrain, the vertical extension of 
the site may not exceed a few inches or so and the two specimens mentioned 
in the above example would be said to come from different sites. 

The dispersion in the palaeornagnetic directions obtained for a 
number of independently oriented specimens at a site may be attributed 
almost entirely to orientation and measurement errors and lo lateral inhomo
geneity in the sampled rock. Local effects due to lightning will generally be 
detected by unusually large intensities of magnetization in the specimen once 
subjected to this phenomenon. Such specimens should obviously not be con
sidered in the statistical analysis of the data unless the lightning effect may 
be removed from the specimens. 
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A measure of the angular ~dispersion at a site is given by the 
angular standard deviation estimate ( Oj) of the palaeomagnetic directions 
obt'!!-ined at that site . The standard error of the mean of the i th site is given 
by oRi but it will g enerally be found that this statistic v.:i-ries from site to 
site. A joi1Jt estimate of oi for the B sites is giv en by Ow and thus a j oint 
estimate of oR_. may be expressed as 

l 

(26 ) 

If a reliable estimate of ow is available for a given geo logical unit, it is 
possible to determine the average number (N/B ) of specimens that should be 
collected at the individual site to obtai n a desired average site mean standard 
error. Fo r example if 6w = . 14 r adian and the a v erage standard error of 
the site means aimed at is 5 °, the average number of specimens to be co l 
lected a t each site is given by 

N . 14x57.2 z 
13=( 

5 
) = 2 . 6i . e . 3specimenspersite. As 

a general rule , it is suggested that because most of the money , time and 
effort spent in a collecting scheme are spent in travelling from site to site, 
a minimum of three or four independently oriented specimens should be col
lected at each site visited . 

To decide on the number of sites a geological UI}_it should be 
sampled from, it is again necessary to assume a v a lue fo r Ow and to know 
whethe r the site mean directions are significant l y distinct. Normally, how 
e ver , this information is availab l e onl y after the palaeomagnetic measure 
ments are completed and after the data have been analyzed . 

If the within - site dispe rsion is high , it may be considered that 
the experimental e rror and/ or the rock inhomogeneity r ender the data r ather 
unreliable and not worthy of fu r ther a n a lysi s . On the other hand, if the 
within - site dispersion is reasonably low , an F - ratio test will indicate 
whethe r the site mean directions are significantly distinct. If the sites have 
been chosen several miles apart and if the site mean di r ections are not sig
nificantly distinct , it may be conc l u d ed that the sampled geological unit 
acquired its magnetization within a relatively short pe r iod and that i t has not 
been disturbed appreciab l y since the time of its form a tion . Obviously onl y a 
virtual geomagnetic pole position may be derived for that period from s u ch a 
roc k unit . 

If the result of the F - ratio test indicates that the site mean 
directions are significantly distinct, this inconsistency may be explained 
either by between- site diffe r ential tilting o r rotation of the unit since its 
formation , by the effects of secular variation of the earth ' s field at the time 
t h e geological unit w as formed or by both . When good geological contro l is 
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available for the geological unit, such as is the case where well bedded sedi
mentary rocks are adjacent to the sampled unit, the between-site variation 
may be attributed solely to the secular variation of the earth's field at the 
time the geological unit acquired its magnetization. Assigning unit length to 
the vector resultant at each site, the standard deviation of the B unit vectors 
is given by 

61 == [ 2 (B - R 1
) Jl/2 

(B - 1) 

where R' is the length of the resultant. If the value obtained for 6 1 compares 
with the expected standard deviation of the field direction at the palaeomag
netic latitude of the geological unit, the direction of R' may be assumed to be 
a reliable basis for estimating the geographic pole position at the_time the 
rock acquired its magnetization, The standard angular error of R' would 
then be given by ~ r and would naturally be approximately inversely propor
tional to the number of sites at which the geological unit was sampled. 

From the above discussion it is clear that to give an equation for 
the design of a collecting scheme would be rather difficult but it may be 
stated that in general the sites should be as widely separated as possible 
within the geological unit and a minimum of three and preferably four inde
pendently oriented specimens should be collected at each site visited. 

As a general conclusion to the above considerations, it is pointed 
out that the fundamenta l statistical methods available in palaeomagnetic 
research may all be derived from first principles and that there is in fact no 
need to refer , for instance, to hypergeometric dimensions to have a practi 
ca l understanding of the system . The first principles approach has the 
further advantage of illustrating simply the hazards in transposing into vec
torial statistics certain tests of significance based on the Laplace - Gauss 
distribution. 
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